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Noncommuting spinor rotation due to balanced geometrical and dynamical phases
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A neutron polarimetric textbook experiment is performed to demonstrate the noncommutation properties of
the Pauli spin operator. The polarization of the transmitted neutron beam depends upon the sequential order of
two successive spin-flip devices with mutually inclined precession axes. Furthermore, an interpretation of the
observed results is presented in terms of an intrinsic phase shift between two interfering mutually orthogonal
spin states, which in a sequence of two successive spinor transformations stores particular information about
the intermediate state. This phase shift is discussed with respect to its geometrical and dynamical components,
and its formal connection with the noncommuting properties of Pauli spin operators is explicitly shown.
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[. INTRODUCTION between neutron spin rotations and the associated geometric
and dynamical phase shifts of the wave function.
Mathematically the rotation of spifiparticles by a mag- Since its first clear description by Berf$9], the geomet-

netic field is described by the action of one of the simplestic effect on the phase of the wave function has found con-
yet most important operators in quantum mechanics, namelsiderable intereg20]. The geometric phase is closely related
the Pauli spin operatoir [1]. It is well known that the or- to the phase discovered by Pancharatfadj in the 1950s
thogonal components of this Pauli spin operator are mutualland it became manifest in a series of experimdig],
complementary observables, i.e., they do not commute witkmong which were a few involving neutron spin rotations
each other. This concept of noncommuting operators is onduring adiabatic passage through varying magnetic fields
of the most fundamental principles of quantum mechanic$23,24. In addition, the geometric effect associated with cy-
[1-3] and it is closely related to Heisenberg’s famous uncer<lic evolutions in Hilbert space obeying &) algebra was
tainty principle, which has been interpreted either as indeterrevealed[25]. A fundamental relation was also shown be-
minacy[4] or as complementarit}5]. tween quantum-mechanical backreaction in measurements
Neutron optical experiments, in particular those where in-and the Berry effecf26]. Quite recently it was argued that
terference effects of matter waves are involved, have servetthe noncommuting properties of two identical successive
as elegant demonstrations of the foundations of quantum meeutron spin flippers with different orientations of their pre-
chanics[6—9]. Among its other intrinsic properties, it is its cession axes will lead to an observable geometric phase shift
half-integer spin that makes the neutron an ideal object foeffect[27], which has indeed been verified both by neutron
quantum physical textbook experimeritid]. The first ex- interferometry[28,29 and polarimetry{30].
plicit experimental verification of the # periodicity of In this paper noncommuting spinor rotations are demon-
spinor wave function§11-13, the demonstration of static strated by means of a neutron polarimetric setup. The inci-
and time-dependent superposition of fermion spin statedent polarized neutron beam passes sequentially through two
[14,15, and magnetic resonance-induced macroscopic quanr spin-turn devices which are identical except for a different
tum beating[16] were the highlights of a series of neutron orientation of their precession axes. Commutation of the se-
interference experiments which have given new insights intquential order of these two flippers leads to an observable
the foundations of quantum physics. Recently neutron polarmodification of the polarization of the outgoing beam, which
imetry has turned out to serve as another tool to unambigus exactly the effect of the noncommuting property of com-
ously verify some of the basic concepts of quantum mechanponents of the Pauli spin operatar,(and o, in our specific
ics, such as, for instance, the topological nature of the scalarrangement We interpret our experimental results as an
Aharonov-Bohm effecf17], where any general incident po- interference effect between two mutually orthogonal spin
larization is interpreted as the superposition of two orthogostates and by the accumulation of different phase shifts upon
nal spin states. Different phase shifts of these two states dueversal of the sequence of spin rotations. It is shown that the
to interaction with a magnetic field lead to a polarization phase shift caused by the two successive spin rotations car-
change of the outgoing neutron befb8]. This implicit neu-  ries specific information about the intermediate state and fi-
tron polarization interference scheme will allow us to per-nally results in the well-known commutation relation of
form a textbooklike demonstration of the commutation rela-Pauli spin operators. We discuss this intrinsic phase shift
tions of the Pauli spin operator and to clarify the connectionwith respect to its geometrical and dynamical components.
This intrinsic phase is significant only in quantum mechanics
and allows for a clear distinction between quantum-
*Present address: Department of Applied Physics, University ofnechanical and classical description of the motion of par-
Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113, Japan. ticles.
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[l. NEUTRON POLARIMETRIC SPINOR-ROTATION whereas its counterpart with a commuted sequenc® arid
EXPERIMENTS B is calculated as

A. Theoretical background BA= — (02 COSB+ 0,0, SINB)
X ¥ X

Manipulations of the wave function of spiparticles are

conveniently carried out using the two-component spinor =—(lcosp+ioysing)

formalism. Neutron spin rotation around an axisby an cosB sinB

anglea is described by the unitary operafdr] OF =1 _sing cosBl’ (5b)
Ug=exp —io- al2), 1

. ] ) . Because of the noncommutation of the Pauli matriegand
where a=aa is the rotation vector. We may think of vari- ;.  the commutation oA andB obviously should lead to a
ously oriented rotations, and hence let us consider two SuGnqgification of the final neutron spin state, i.e., to a different
cessive rotations about different axes. In general rotationgg|arization of the transmitted neutron beam.
about different axes fail to commute. This is true for spinor Usually the spin statés) of a neutron is described by a
rotations as well as for classical rotations. The latter, howy,grmalized spinor
ever, are described by (8), whereas rotations in quantum

mechanics are described by angular momentum operators. 0

For instance, spinor rotations of spjrparticles obey S(2) COS( 5)

[31]. In the simplest case the noncommutation of spinor ro- |s)= o\ | (6)

tations of spins particles can be attributed to the noncom- ei¢sin<—

muting features of Pauli matrices. For instance, the commu- 2

tation and the anticommutation relations betwegrand o, , )

are given by where 6 and ¢ are the p_olar' and gzm_mthal angle; W|Fh re-

spect to a chosen quantization agdsaxis). The polarization

[o;,04]= 0,04~ 0y0,=2i0y (2 vectorP=(s|a]s) of the neutron beam is defined as the ex-

pectation value of the Pauli spin operator. |®tdenote the
initial spin state. Then, after passage through two successive
magnetic field regions oriented aloriég, and ag, respec-
tively, the neutron spinor changes to

and
oy, + 0,0,=0. (3

Although this commutation relation is just a mathematical

fact, we will see its actual manifestation when we consider cosp co{f +ei¢sinBsin( f)
physical rotations of quantum objects. _ _ 2 2
Experi ; ; ; |sga)=BA[s)=—
perimentally neutron spin rotation can be accomplished _ 0 i e
by virtue of a magnetic field. Them corresponds to the —singcos 5| +ecospsin 5
Larmor precession angle accumulated by the neutron mag- (7)

netic moment upon passage through that field. If this preces-

sion angle is set tar, the operatolUg defined by Eq.(1) On the other hand, when the orientations of the magnetic
becomes—io- a. Here we assume that the neutrons pasdields are mutually commuted and hence the neutron beam
through two successive magnetic fields which are oriented ipropagates through the magnetic field regions oriented at
different directions. Let us take two orientations of the mag-first to ag and then toa, , the spin state is modified into
netic fields,a,=(1,0,0) for a field in thet+ X direction and

ag=(cosp,0,sinB) for a field in theX-z plane. Then the O\ s 0
correspondingr-rotation operators, denoted ByandB, are cosp co 2 e?singsin 2
given by |Sag)=AB|s)=— " P
PN H _ + | H _
A=Ug(an)=—io, (49 sm,li'co{2 e cos,Bsm(z)
®
and
The corresponding final polarization vectors of these two
B=URg(ag)= —i(oyCcosB+ o, sinp). (4b) ~ beams are given by
The combined spin rotation operator can be denoted either sin§ cos¢ cos 28— cosysin 23
by AB or by BA, depending on the actually chosen sequential Pga=(Sga| o]Sga)= singsin¢
order of these two differentr rotations. The combined op- sin 6 cos¢ sin 28+ cos¢ cos 28
eratorAB has the form (9a)
AB= — (02 cosB+ 40, SinB) and
=—(1lcosB—ioysinpg) sin# cos¢ cos 28+ cosé sin 283
—gj Pag=(SaelolSas) = sing'sin¢
or — C(.)SB sing (5a) —sin @ cos¢ sin 23+ cosé cos 28
sinB  cosg | (9b)
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B, By« AB the +Z direction. A second Heusler crystal is used to analyze
, ' B, 7 the final polarizatiorP; . Depolarization of the neutron beam
%L CETecTOR is mini'mized. by permanent magnetic guide fieIQs distrib.uted
y T along its trajectory wherever necessary. Specially designed
. SPIN TURN SPIN TURN g magnet coil configurations, whose construction details are

DEVICE DEVICE

POLARIZER not of importance here and which are attached immediately

@_&% __ﬁ in front and behind a soft-magnetic iron shielding box, to-

) CLIprER ANALYZER gether with an appropriate spin flipper serve to orient the

s SPIN ROTATORS incident and to analyze the final polarization vectors in any
NEUTRONS B, 1 ? of the three directions of spac@:or the sake of clarity both

the magnetic shielding and the guide fields are omitted in the

‘%L B‘/ drawing) These spin-turn devices thus enable one to mea-

sure successively all nine elements of thex®) polariza-
tion transfer matrixM which describes the change of the

FIG. 1. Schematic sketch of the experimental setup. Two SIC,inpolarization vector during the neutron’s propagation through
turn devices allow for an arbitrary orientation of the incident andthe sample under investigation according to the relaipn
the finally analyzed polarization vector. The spin turn rotators are= MP; .
two successiver spin flippers with stationary magnetic fields ori- However, in our experiment instead of a sample two sepa-
ented in directions, and ag , respectively. Their sequential order rately tunable spin rotators are mounted within the magneti-
is mutually exchanged to realize the commuted operad@and  cally shielded soft iron box in order to realize the rotation
BA operatorsUg(@,) and Ug(ég) independently from each

. . . . other. Each of these spin rotators consists of two mutuall
For example, if the incident neutrons are polarized in the P y

+2 direction, i.e.,P;=(0,0,1), the final polarization vectors E)Orthfogdouncael r%oalllsn\gt?:?iglgg bi)t%omThcg( ;gge:rr::fgaé)i?edcframe
given by Egs. (99 for ¢=a reduce to Pga= P 9 -

(— sin 28,0,c0s ) andP,s= (sin 28,0,cos B), respectively. tion. By varyi.ng the ratio of the COi-| cu[r(fnts, the directions
Here it is worth noting that, while thgandz components of ©f the total fields can be rotated in k2 plane, thereby
Pa, and P, are equal, the noncommutation of and o, defining the'dlrectl'onsrA and &g, under the constraln'F that
causes theix components to differ from each other. In the COnstant spin rotations by an angtehave to be maintained.
above example, only the matrix elements of the first column In the first experiment the polarization of the incident
of the combined operatorsB andBA, defined by Eq(5), are  heutron beam was set in thez direction. In order to show
responsible for the results. In order to check also the matrifhe noncommutation of the operatofsand B, defined by
elements of the second column, one requires a differentl§zgs. (5), the spin-rotator devices were adjusted so that the
oriented polarization vector of the incident beam, e.g., in theupstream one representsz(a,) and the downstream one
— 2 direction. Ugr(ag), and vice versa. Neutron intensities were recorded
Of course, classical rotations of the polarization vectoras a function of the anglg for polarization analysis in all
would be sufficient to end up at the same final polarizationsthree directions of space, which corresponds to measure-
However, the presented quantum-mechanical description gfients of the two elementd ;, andM ;- of the polarization
spinor rotations of spir-particles goes far beyond a classi- transfer matrixM. Figure 2 shows the experimental data
cal treatment. If one assumes, for instariees (0,0,1) and  together with theoretically predicted curves with least-
B=ml2, the spinor wave functions are not the same aftegqyares fits of mean intensity and oscillation amplitude. Here
passage through two successive magnetic fields oriented ghe can see that, as theory predicts, commutation of the two
different q”e_ctlon_s, whereas the resultant polarization VeCgpin rotation operators has no influence on fhgependence
tors remain _|dentlcal_. Therefore, t_he presented textbooklikgy e z-polarization components but leads to inverse modu-
results of different final polarization states due to mutuallation of thex component. Although the emerging polariza-

interchange of the two magnetic field regions traversed by. : . ; .
the neutron beam can be attributed, indeed, to the quantur)r{{—On should have ny component, a slight residual intensity

; . . : modulation persisted upon variation gf when the matrix
mechanical feature of noncommuting Pauli matrices. . . o .
elementP,, was measured. This could be identified as being

due to a misalignment of the polarization analysis direction
from the +§ axis by an angle of 1.3°.

The experiments were carried out at a neutron polarimetry As mentioned already, with the polarization of the inci-
facility installed at the 250-kW TRIGA reactor in Vienna, dent beam oriented in the Z direction, the experimental
usually serving for three-dimensional neutron depolarizatiorresults are completely attributed to the first column matrix
studies of magnetic domain structures. A schematic view oélements of the commuted operat&B and BA. In order to
the experimental setup is shown in Fig. 1. The incident neushow the consequences from the matrix elements of the sec-
tron beam is monochromatized £ 1.53 A) and polarized ond column, it is necessary to orient the incident polarization
(average degree of polarizatid®;,|=0.95) by a magneti- vector in the—2 direction. In Fig. 3 the corresponding inten-
cally saturated Heusler-alloy single crystal. Its diameter issity modulations are plotted in the same manner as in Fig. 2.
confined to 4 mm by a Cd diaphragm. The initial polarizationHere, too, a quantitative agreement between the experimental
vectorP; is perpendicular to the beam trajectory and definesesults and the theoretical predictions is evident.

B,B, « BA

B. Experimental results
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spin states,+y) and|—y). These are eigenstatesAB and
BA, and the operations @B andBA on these states yield

AB|xy)=—e"'f|xy),
| (10)
BAzy)=—e""f|xy).

Intuitively one might assume that the different phase shifts
* B induced by the operatosB and BA should not be ac-
cessible via neutron polarimetry. However, as has been dem-
onstrated explicitly by polarized neutron perfect crystal in-
terferometry[14,15, superposition of a spin-up and a spin-
down state results in a new state which is oriented
perpendicular to its constituents. In that case the final polar-
ization depends upon the phase difference between two or-
thogonal spin states. Thus, by considering a state) as a
superposition of +y) and|—y) states, it becomes clear why

a neutron polarimetric experiment, which allows full control
over all three spatial components of both the incident and the

FIG. 2. Neutron intensity as a function of the inclination angle 4| holarization vector, yields information about phase dif-
of the magnetic field direction for two commuted operations. Theferences between these states. According to (E6) one

full Il_nes_ correspond_ to the_ theo[etl_cal predlctlons. The |nC|dentObtains the final states for an incident spin siialfa) as
polarizations were oriented in theZ direction and the final polar-
ization was successively analyzed along th® and + z directions,

thus yielding the elementd ;x andM ; of the polarization transfer

1
matrix M (see text AB|+2)= E(AB|+V>+AB|_Y>)

C. Different phase shifts due to commuted spinor rotations __ ie’iﬁ(| +y)+ e2i3| ~v) (113
The experiments have shown that, when the incident neu- V2

trons polarized either in the-z or the —2 direction pass

through two successive spin rotators with differently ori- and, correspondingly,

ented precession axes, the final polarization vectors were

given by Pag=(*sin 28,0, cos 28) and Pg,=(=+sin 28,0, 1 . _

+cos 28). According to the Larmor interference concept of BA|+2)=— 59'ﬁ(| +y)+e ?f-y)).  (11b

neutron spin rotatio 18], we interpret these results as a
consequence of different phase shifts induced by the actions

of the operatorsAB and BA. Let us assume two orthogonal These equations show that the spin vectors of the states

affected byAB and BA rotate in theX-z plane by an angle
+2B (measured from the-X direction. Thus, while they
and thez components of both final polarization vectdtgg

9000 ———
M. B,B,{M., B,By and Pg, are identical, theix components differ due to the
different phase shifts: 8 of the state$=y) that are induced
60007 by the operator&B andBA. Notice that both of these opera-
— tors turn the initial statef+y) back to the same states but
'S 3000 that the phase of the final states depends on the intermediate
£ states, that is, on the chosen trajectory in spin space. Evi-
> dently there is a close connection between this spin transfer
3 0 M., B8, |M., BB, and the concept of geometric pha$26].
%
~ 6000f I11l. NONCOMMUTATION OF PAULI SPIN OPERATORS
DUE TO INTRINSIC PHASE SHIFTS
30007 A. Spin-3 particles
The simplest way to deal with spin commutation relations
050 45 0 45 90 90 45 0 45 90 is to consider massive particles with spin quantum number

B (deg) 3, such as, e.g., electrons or neutrons. The complete spin
wave function|¥) of spin4 particles contains not only the
“pure” spinor |s), defined already by Eq6), but also the
intrinsic phaset,

FIG. 3. As in Fig. 2, but with the incident polarization in the
direction thus yielding the elemenkdzy and M7z, of the polariza-
tion transfer matriXVl. Here the effects from the second column of

the operatoré\B and BA are observefisee Eqs(5) and (9)]. (12

W) =€é[s)=[£,0,9).
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| +2) P=(V¥|o|¥)=(sinfcose,sindsing,cosd) (13
A is independent of the intrinsic phageFor that reason in the
usual description of spig-particles this overall phase factor
\\1@ 0,0) is omitted. Instead of the generalized spirfdn), the spin
/ T state then is represented by the reduced splgorin the

/' so-called Poincarsphere representatid82] two quantities,
the polar angled and the azimuthal anglé, are sufficient to
describe this “pure” spin statés).
[+y) Consequently, it must be emphasized that even when two
k spin states are the same, their wave functions are not neces-
| +x) \\ sarily identical. However, since in conventional intensity
measurements the detection probability is proportional to the
| E+0,7-6,-0) squared modulus of the wave function, the intrinsic phase
e plays no practical role in describing the motion of particles.
(@) The change of the intrinsic phase is detectable only via an
interference experiment by coherent superposition with a ref-

| +2) erence wave function.

v

A B. Action of Pauli spin operators

€, 6, 0) To take the intrinsic phase into account, we use the full
T spin wave functiof¥)(=1¢&,6,¢)) in representing the spin
state transformations induced by the action of the Pauli spin
operators. Whelwr, acts upon this wave function, the trans-
| formed state is calculated to be

0
co >

T— 0
(o]0 2

_ —0
(b) +e"”sin(7T2 )I—z>

\ Ux|§:0ad’>=‘7xei§

|+%) X

|+z>+ei‘/’sin<g>|—z>

:ei(§+¢) |+Z>

e{ogpmone)

| +2)

A
The Poincaresphere representation of this action is shown in
"""" [T Fig. 4(a). Besides a rotation around theaxis, o, causes an
overall phase shift which depends on the azimuthal aggle
|&, 6, 0) of the initial spin state. We will show that it is just this
overall phase shift which is responsible for the noncommu-
tation properties of the Pauli spin operator.

=|é+ ¢, m—0,—¢). (14)

| €,0.0+m)

?y) Likewise the transformation of the total spin wave func-
tion [¥) under the action ofr, is obtained as
| +x) i 0 » 0
— | | i —
oy|é,0,4)=0,€e'"¢| co 3 |+2)+€'?sinl 3 |—2)
. T— 0
_ ailé+p— (w2
(©) =gllét e (mi2)] cos{T |+2)
FIG. 4. o; operations on the wave functid’) (=|&,6,d)).
(a) oy operates as a rotation along theaxis and the additional (=) i T 0
phase shifip. (b) o, operates as a rotation along thexis and the te sin 2 |- 2)
additional phase shif¢p— 7/2. (c) o, operates as a rotation along
the z axis without any additional intrinsic phase shift. =&+ p—(ml2),m— 0, m— ). (15

It should be mentioned here that the choice of coordinatdhis transformation is illustrated in Fig(ld. There the ro-
axes is arbitrary and that the intrinsic phasand the spinor tation takes place around tlyeaxis and the additional phase
|s) depend on the chosen coordinate which, in turn, gives thehift, (¢ — /2) in this case, again depends on the azimuthal
spin wave functiof¥) as a whole. However, the associatedangle ¢. Notice, however, that this phase shift differs by
polarization vector —a/2 from that caused by, .



NONCOMMUTING SPINOR ROTATION DUE D. .. 4619

PRA 59

Finally, it is immediately seen from | +2)

o,6] ") A
T 9.0
o|€.0,)=¢,0,¢+m) (16 Gz 00m) T
that o, acts only as rotation around theaxis and that no £.0.0
phase shift occurs for the chosen set afZ)-basis states. ,
The Poincaresphere representation of this transformation is
I | )
shown in Fig. 4c). - =
e 11+
C. Commutation relation via intrinsic phase shift R )
. . . | +x) \

In analogy to the preceding subsection, the transformation * . %l ¥
of the wave functiof¥) (=|¢,6,¢)) under the successive E+{0-T)m-0.1-0)
operation ofc, and theno, can be calculated as
O'yo'x| ¢, 0, ¢> @

=oy|é+ ¢, m—0,— @) | +2)

T cxcy| ¥)
= <§+¢>+(—¢—5 (= 0), 7= (= ¢) T ooem)
. 4 \\\ | \IJ
= 5_510177—’_(23 // \ \|§’e’¢>
. / !

= e—l(7T/2)0-2|§, 0, d’) (17) i |
1 —
\ | +y)

Using again the Poincargphere representation, this succes-
sive operation is shown in Fig(&. According to Eq.(16),

o, yields no overall phase-shift contribution. Hence it is
clearly seen that the successive operationogfand o,
causes a fixed intrinsic phase shift of the wave function of
exactly — /2.

[ +x) A

o, U
| E+0,m-0,-0)
(b)

On the other hand, commutation of the sequencerpf
and oy yields the transformatiofsee also Fig. ®)] FIG. 5. gjo; operation on the wave function¥)
(=|£,60,¢)). (@ ooy is equivalent to the operatiom, in addition

to an intrinsic phase shift-#/2. (b) 0,0y is equivalent to the op-

101
Tx0y|¢,6.¢) erationa, plus an intrinsic phase shift /2.
o

=oyé+| o= 57— 0,w—¢> ooy=e (g, (19b)

3 T Finally, we can get the explicit form of the commutator

_‘ §+ (b_E +(7T_¢),7T_(7T_ 0)1_(77_¢)> [O-XIO-y] as follows:

— (/2 —i(ml2 — (ai(7/2 —i(m/2
_ §+I 0 —7T+q§>=ei(7/2)0' 1£.0,8) 18 [O'X,O'y]—e'( )g-z—e i( )UZ—(e'( ) _ @il ))O.Z
1V Z 1V .
2 ~2ic,. (20)

Here the 2r periodicity of the state with respect # has  From these formulas it becomes obvious that the commuta-
been taken into account. The total phase shift induced by thigon relations of the Pauli spin operator are a direct conse-
commuted sequence of spinor transformations amounts tguence of these intrinsic phase shiftsr/2. While the spin
exactly +m/2. It should be emphasized that this differencestates are exactly the same after the operations,of, and
from the previously obtained value 7/2 arises essentially o,0, respectively, the associated intrinsic phase shifts are
from the different azimuthal angle of the intermediate statedifferent and result in the commutation relation. Of course,
of these two successive transformations. all the other commutation relations witho; (i# ) can be
A comparison of Eqs(17) and(18) immediately leads to derived as well in the same manner.

the relations
IV. DISCUSSION

_ a—i(7/2) ) .
Tyox=€ Tz (193 A commutation of the operatos andB has no influence
on the measured intensity pattern when thgolarization

and component of the emerging beam is analyzed, and in all
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cases they component remains zero. This can be seen not
only from the equations derived in the theory. It can be un-
derstood also intuitively without any knowledge of spinor
rotations of spins particles, although the spinor description
is a more general concept than the classical description of
rotation. One should consider that the incideri polarized
beam is only affected by two successiweotations around
two different axes, both of which are always in th& plane.
Consequently, the final polarization vector also is perma-
nently confined to th&-Z plane.

The state of massive particles of spin is represented by the
wave function which is derived by combining the intrinsic
phase¢ and the spin polarization stafg. While the polar-
ization vector of each particle is completely defined with two
parameters, i.e., polar angleand azimuthal anglep, the
wave function is identified with three parametets:¢, and
the intrinsic phas&. However, since the detection probabil-
ity is given by the absolute square of the wave function, the
information on the intrinsic phase of the quantum state gets
lost, spoiling the difference between a classical description
of the motion of particles.

The complete description on the quantum state of massive
spin particles requires the wave function|¥)
(=|£&,0,4)). Equationg14)—(16) have shown that the com-
ponentso; of the Pauli spin operators cause characteristic
shifts of the intrinsic phasé of the wave function in addition
to their respective rotation of the pure spin state. Two of
these phase shifts depend on the azimuthal angle of the op-
erated spin state. Furthermore, it was shown that the commu-
tation relation of Pauli spin operators, sayando, results
from the =«/2 shift of the intrinsic phase after two succes-
sive operations. From the occurrence of a phase jgrapon
commuting the sequence of the two spin operators, it be-
comes evident that the intrinsic phase carries information
about the intermediate state between the successive transfor-
mations. In a mathematical sense this information transfer is
just another interpretation of the non-Abelian character of
Pauli spin matrices; [33].

If, for instance, the initial spin state |s-z), anticommu-
tation of o, and o, results from the fact that the geometric
phase factors associated with the operatiogs, and ooy
differ by 7 whereas no dynamical phase contributions arise
[Fig. 6@]. On the other hand, if the initial state fs-x),
both operations trace identical paths on the Poinsateere
[Fig. 6(b)]. Thus, there is no geometric phase difference, but
now the dynamical phases accumulated along these two
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- . . . FIG. 6. Anticommutation relation of, and oy due to the geo-
closed trajectories differ exactly by a valaeaccording to metrical and dynamical phase factofShaded parts refer to the

the operation ofo, on the|+x> and the|—x) spin state, geometric phase shift contributionga) If the initial spin polariza-
before and after ther flip by o, has taken place. In the tjon state|s) is | +z), the anticommutation relation results from the
general case, when the initial spin state coincides with neigeometrical phase factor difference of exactty(b) If the initial

ther the|+z) nor the| +x) state,ox0, and ooy will trace  spin state ig +x), it results from a dynamical phase difference of
different paths on the Poincasphere. Figure (@) shows two . (c) For arbitrary initial state it follows from the balanced sum
paths from the initial statgs) through the intermediate state of the differences of the geometric and dynamical phase.

|s’) to the final onds”); shaded parts refer to the geometri-

cal phase factor. Thus, dynamical as well as geometric phasstributed to the balanced difference of the geometrical and
contribution will be accumulated along both trajectories.dynamical phase shifts.

However, their sum will always be balanced to yield a dif- The commutatof oy,o,]=0,0,— 0,0 is a good ex-
ference of exactlyr, thereby leading to anticommutation of ample of a cyclic evolution where the system can be re-
oy andoy. Itis worth emphasizing here that anticommuta-garded as being split and subsequently recombined again to
tion of any two Pauli spin operators; ando; (i#]), can be the same state after an evolution under two separate Hamil-
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tonians has taken place. Thus, it is worth mentioning that ther,o, ando o, are exactly the same, this omission allows no
differencesr of the intrinsic phase of the wave function after adequate interpretation of spin commutation relations. Thus
transformationsr,oy, and oo, is related to the geometrical the justification of a Poincarsphere representation of spin
and/or dynamical phase-shift components of the spinor evcstates is restricted to cases where the intrinsic phase need not
lution. It has been shown already that a specific geometricab be taken into account.
phase factor caused by two identical but differently oriented
successiver flippers will lead to their anticommutability
[oxoy+0,0,=0, see Eq(3)] [27] and that neutron interfer- V. CONCLUSIONS
ometry is able to identify the geometric and dynamical phase In summary, we have exploited neutron spin polarimetry
contributions of such spinor transformatid27-29,34.  to demonstrate the noncommuting behavior of spinor rota-
However, as shown in Fig. 6, the present analysis on théons. In changing the sequential order of twospin-turn
noncommutation of two successive Pauli spin operators islevices with differently oriented precession axes, the trans-
more general than the preceding example described in Refitted neutron beam ended up with differentomponents
[34]. of their respective polarization vectors if the initial beam was
In the interferometric experimenR9], the initial spinor  polarized parallel or antiparallel to tredirection. The po-
|+2z) was brought to the final ong-z) via —op0, and larization difference observed in our experiment can be at-
—0q40p, and the anticommutativity of orthogonal compo- tributed to the anticommutation properties of the two Pauli
nents of the Pauli spin operator was observed due to a puspin matricesr, ando, . In addition, the noncommutation of
geometric phase shift by 180°. In contrast, the polarizatiorthese spin operators can be interpreted also as a consequence
change in the present polarimetric experiments results fromf the different shifts of the intrinsic phase of the wave func-
the difference+2g of the geometric phases via operatidB  tion when they are commuted. These shifts of the intrinsic
or BA for spinors|+y), ranging from—220° to 220°. That phase by an angle-n/2 carry the information about the
is, the commutated operators, boMB and BA, bring the intermediate spin state between two successive transforma-
initial spinors|=y) to the same final spinors and each oftions. The induced phase shifts contain both geometric and
them induce a geometric phase8 or —3 (due to different dynamical contributions. These are always balanced to yield
“orange slices”) for corresponding spinorgsee Eq.(9)]; a total difference of exactlyr, which results in the familiar
these different geometric phases lead to the polarizatioanticommuting relations of Pauli spin matrices. Obviously
changdsee Eq(10)]. It should be emphasized here that thethe intrinsic phase of the wave function, which is usually
obtained results in the present polarimetric experiments resonsidered as being of no significance in particular if the
flect more general consequences of the noncommutation afiotion of particles is to be described, is essential for a com-
the Pauli spin operator than its anticommutativity. plete quantum-mechanical treatment of spinor transforma-
The Poincaresphere description is available to representtions.
the spin polarization stafe2]. While the spin state of each
partlcle, which b_elongs to the pure state, lies on the_ sphere, ACKNOWLEDGMENT
in general the mixed state of a non-completely-polarized en-
semble of particles lies within the sphere. Although such a This work was supported by “Fonds zur féerung der
description seems to be quite general, it omits the intrinsiaVissenschaftlichen Forschung” in AustrigProject No.
phase. Since the final spin states after the transformatiori0491-PHY.
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